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tion[4] is employed and modified to allow arbitrary 
number of fluids. In our method, animators can 
choose one or more specific regions (such as air 
region) to be ignored, and add some control in 
such regions. 
2  Previous work 
Recent years, great progress has been made 
in computer graphics field to produce realistic 
animation of liquid undergoing highly dynamic 
motion. Foster and Metaxas[5] first introduced the 
3D Navier-Stokes equations and the Marker and 
Cell method proposed by Harlow and Welch[6]. 
Stam[7] proposed a semi-Lagrangian technique to 
greatly improve the efficiency. Fedkiw et al.[8] 
used a vorticity confinement method to preserve 
the small-scale flow structure. Foster and Fedkiw[1] 
and Enright et al.[2] proposed a hybrid particle 
level set method that combines massless marker 
particles with semi-Lagrangian level set method to 
accurately track the water surface. Instead of 
simulating the air effect, they used a velocity ex-
trapolation method to fill the velocity field in air 
region. Losasso et al.[9] introduced octree-based 
data structure to provide levels of detail in fluid 
simulation. Song et al.[10] adopted CIP (con-
strained interpolation profile)-based advection 
method to reduce the numerical dissipation of 
semi-Lagrangian technique. They used a continu-
ous two-fluid formulation to include the air effect. 
Researchers have also put much attention on 
simulating many different phenomena of fluid. 
Carlson et al.[11] simulated fluid with variable vis-
cosity. Hong and Kim[12] simulated bubbles by 
VOF (Volume of Fluid) method and introduced the 
effect of surface tension. Takahashi et al.[13] util-
ized particle system coupled with CIP(Constrained 
Interpolation Profile)-based VOF method to add 
splash and foam into water simulation. Stam[14] 
proposed a method to simulate 2D fluid on smooth 
surface with arbitrary topology. Goktekin et al.[15] 
brought in the elastic term into Navier-Stokes 
equations and simulated the viscoelastic fluid. 
Mihalef et al.[16] used CLSVOF (Coupled Level 
Set and Volume of Fluid) method and the slice 
method to control and simulate breaking ocean 
waves. Greenwood and House[17] simulated small 
bubbles of splashing fluid using escaped particles 
produced by a particle level set method without 
effort to simulate air. To simulate two-way cou-
pling of fluid and solid, Carlson et al.[18] proposed 
a “Rigid Fluid” method that treats solid objects as 
if they are fluid. 
As our knowledge, all previous grid-based 
methods[1, 2, 7, 9-20] focused on fluid system with 
one single liquid or with one liquid and one air. 
The dynamic motion of arbitrary number of fluids 
together, especially more than two fluids, is un-
seen at present. 
3  Method Outline 
Our system consists of three modules: ge-
ometry, dynamics, and rendering. And the main 
program flow of our system is a cyclic process as 
shown in Fig.1. At every step, we first input the 
old velocity field into the dynamics module to 
calculate the new velocity in the next step. Then in 
the geometry module, we use this new velocity to 
drive the old surface to a new position. Finally, 
rendering module visualizes the new surface to get  
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one frame of the animation. 
 
Fig.1. One loop of the program flow of our system. 
 
In Section 4, we will describe our new sur-
face tracking method for multi-fluid used in the 
geometry module. In Section 5, we will describe 
the formulation and numerical methods we used in 
the dynamics module to handle the multi-fluid 
dynamics in our system. In Section 6, we will give 
two animation results, and in Section 7, we will 
conclude our work.  
4 Surface Tracking 
The particle level set method proposed in [1, 
2] provides a smooth and accurate way for 
two-fluid surface tracking. However, when the 
number of fluids is larger than two, due to the ex-
istence of triple-junctions, this method becomes 
insufficient. We propose here a novel surface 
tracking technique to solve the surface tracking 
problem in multi-fluid animation based on the par-
ticle level set method. 
4.1  Overview of Particle Level Set Method 
Particle level set method uses level set func-
tion φ to represent the free surface of fluid. In our 
implementation, we take φ=0 as free surface is-
ovalue, φ>0 region as inside region and φ<0 region 
as outside region. Then the implicit surface is 
evolved by solving the advection equation, 
 0
t
φ φ∂ + ⋅∇ =
∂
u , (1) 
where u is the undergoing velocity. This equation 
can be solved by a semi-Lagrangian method pro-
posed by Stam[7]. After advection, a reinitialization 
procedure will be executed to maintain the dis-
tance function property of level set function by 
solving the equation, 




= − ∇ −
∂
, (2) 
where τ is a fictitious time and S(φ) is signed func-
tion given by 








Meanwhile, two sets of Lagrangian particles, 
which are initially placed around fluid surface on 
both sides, will be driven by the undergoing veloc-
ity and move forward. After level set advection 
and reinitialization, particles on the wrong side 
will be marked as escaped particle. Then a level 
set value φp defined by escaped particle will be 
computed at each of the eight corners of the cell 
containing this escaped particle and correct the 
cell-defined level set value φ there. 
4.2  Multi-fluid Particle Level Set Method 
Now we propose the novel method suitable 
for arbitrary number of fluids called multi-fluid 
particle level set method consisting of a new rep-
resentation of N-fluid surface and a new particle 
correction scheme which can maintain N-fluid re-
gions. Here, N stands for the number of different 
fluids. 
4.2.1  Interface Representation 
To handle arbitrary number of fluids, we 
choose to represent each fluid with an independent 
 4   J. Comp. Sci. & Tech. 
- 4 - 
level set, say φi for fluid i, and we evolve each 
level set independently using Equation (1) and (2). 
But independent advection produces unphysical 
overlap (the regions where more than one fluid 
satisfy φ>0) and void (the regions where no fluids 
satisfy φ>0) as seen in Fig.2. Several constrains 
should be satisfied by level sets at any position x: 
 
( ) 0,
( ) ( ), ,



















Fig.2. Overlap and void among independent level sets. 
 
To enhance constrain (4), we adopt a simple 
correction method proposed in [3]. After level set 
advection, we replace level set value of each fluid, 
say fluid i, by a new level set value defined by 
 ( ), 1 max( )2i new i jj iφ φ φ≠= − . (5) 
It is noticeable that this method will slightly 
change the zero-level set position near triple junc-
tions, but it is sufficient to work well in our results. 
If the motion of triple junctions is important, a 
more reasonable method is available in [19] using 
a symmetric projection from N level sets to an N-1 
dimensional manifold without any correction. 
4.2.2  Multi-fluid Particle Correction Scheme 
With our new interface representation, N 
level sets divide space into N regions, and each 
region represents the inside of exact one fluid. 
Thus it is natural to extend two sets of particles to 
N sets of particles. Each set of particles maintains 
the inside region of one corresponding fluid. We 
describe the extended particle level set method as 
follows. Only differences from the original 
method are presented. 
Initialization of Particles. We randomly 
place N sets of particles near the interface. We no-
tate the particle sets of fluid i as Pi. Then Pi will be 
put to the region where 3min(∆x, ∆y, ∆z)< 
φi<0.1min(∆x, ∆y, ∆z), and the radius rp,i of parti-
cle p in Pi is defined as 
 
max , max
, , min , max
min , min
, ( ) .
( ), ( ) .
, ( ) .
i p i


















where rmax=0.5min(∆x, ∆y, ∆z) and 
rmin=0.1min(∆x, ∆y, ∆z). 
Error Correction. After level set advection 
and reinitialization, we perform error correction 
procedure for each fluid independently. For fluid i, 
we treat Pi as positive particles and all other parti-
cles as negative particles, and then follow the 
original particle level set method to correct the in-
terface of fluid i. 
  
(a)                     (b) 
Fig.3. Multi-fluid Particle Level Set Method. Three kinds of 
fluids together: light color, grey color, and dark color. (a) 
Particle positions. The particles lies inside the corresponding 
fluid. (b) Positive (dark) and Negative (white) particles for 
grey color fluid. 
 
Triple Junctions Correction. This extended 
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method acts exactly the same as the original 
method in regions far from triple junctions. But it 
is possible to produce some overlap and void near 
triple junctions, so we enhance correction (5) 
again after particle correction.  
5  Multiphase Fluid Dynamics 
5.1  Formulation and Numerical Solution 
To correctly handle the dynamic behavior of 
fluid surface between multiple fluids, we introduce 
a two-phase fluid dynamics formulation, which 
treats all fluids in a unified way, and solves them 
as if they are the same fluid, so that we can easily 
handle the discontinuity problem. The incom-
pressible Navier-Stokes equations are: 








= − ⋅∇ + ∇ − ∇ +
∂
u u u u g , (8) 
where u is the velocity vector, ρ is the density, ν is 
the kinematic viscosity, P is the pressure, and g is 
the gravity vector. Here density ρ and viscosity ν 
will change abruptly across the fluid interface. In 
two-fluid simulation, to smear out the discontinui-
ties in density and viscosity, we usually use a 
smooth Heaviside function to thicken the interface 
0, .















where ε is the “thickness” of the thickened inter-
face. We use ε=2min(∆x, ∆y, ∆z) in our imple-
mentation. Then we can get the weighted density 
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( ) 1 ( ) ,
H H
H H
ρ φ ρ φ ρ





where ρ1 is the density of fluid 1, ν1 is the viscos-
ity of fluid 1, ρ2 is the density of fluid 2, ν2 is the 
viscosity of fluid 2, and φ1 is the level set function 
of fluid 1. 
 
Fig.4. Thickened interface by Heaviside function. Disconti-
nuity (solid line) is smoothed within a “thickness” of ε=2. 
 
For N-fluid simulation, we exploit a weight 















∑ . (11) 
Then the weighted density and viscosity for 
























To get the numerical solution, we project 
Equation (8) into two steps: first directly add grav-
ity term into velocity, compute diffusion term by 
an implicit iterative method and solve advection 
term by a semi-Lagrangian method introduced by 
Stam[7]; secondly, compute the pressure by solving 
equation (7) using PCG (Precondition Conjugate 
Gradient) method and add pressure term into ve-
locity. 
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5.2  Air Effect 
 
Fig.5. Inside air region and outside air region. Dark region: 
liquid; Grey region: outside air; Light region: inside air. 
 
A full N-fluid simulation lacks controllability. 
Thus we provide a simple control scheme by ig-
noring dynamic effect from one or more specific 
fluids such as air, and add some user-defined wind 
field in that region. To achieve this, we first set the 
weight function of ignored fluid to zero: Wi=0 in 
(11). Then we extrapolate the velocity into that 
region using the method in [2]. 
Usually, the dynamic effect of the air sur-
rounded by liquid has more importance than the 
outside atmosphere air. For example, the inside air 
can form large bubbles. Thus we further distin-
guish the inside and the outside region from the air 
region by a modified flood fill algorithm proposed 
by Greenwood et al.[17], and then we can apply 
some control to outside air only. 
6  Results 
We implemented our method on a PC with an 
Intel® Celeron®4 1.70GHz CPU, 512MB memory. 
The liquid surface is abstracted using Marching 
Cubes method[20], and rendered with the 
open-source renderer PIXIE[21]. The photon map-
ping method[22] is used to handle the indirect dif-
fusion and caustics. The following examples 
(Fig.6 and Fig.7) show the ability of our method to 
make photorealistic multi-fluid animation.  
In the example of Fig.6, we simulate two liq-
uid walls collapse within air, and we ignore the air 
effect. We place a solid block in the middle to 
make the fluid motion more complex. The density 
ratio between the two liquids is 2, and the viscos-
ity ratio is 0.2. The grid resolution used in this 
animation is 100×75×75, and the number of trian-
gles generated by surface abstraction is about 
30,000 to 70,000. It costs 15~30 minutes to get 
one frame simulated and rendered. 
  
 (a) (b) 
   
 (c) (d) 
Fig.6. Animation snapshots of liquid walls collapse and 
crash. (a) heavy liquid and light liquid are initially set to 
two quiet walls; (b) (c) liquid walls crash and splash; (d) 
liquids settle down to form two horizontal layers. 
 
In the example of Fig.7, we simulate solid 
ball smashing into two quiet liquid layers within 
air. The density and viscosity ratio between the 
two liquids is the same as in the previous example. 
The grid resolution is 80×75×60, and the number 
of triangles generated by surface abstraction is 
about 30,000 to 70,000. It costs 10~20 minutes to 
get one frame simulated and rendered. 
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 (a)  (b) 
  
 (c) (d) 
Fig.7. Animation snapshots of a solid ball falling into two 
layers of liquids. (a) Heavy liquid and light liquid are ini-
tially set to two quiet layers; (b) (c) solid ball falls into the 
liquid layers; (d) liquids splash. 
 
7  Conclusion 
We present a novel method to produce fluid 
animations of arbitrary number of unmixable flu-
ids interacting together. In geometry module, we 
propose a novel surface tracking technique called 
multi-fluid particle level set method which uses 
independent level sets with a constrain condition 
to represent the interfaces of arbitrary number of 
fluids, and uses a new particle correction method 
with multiple sets of particles to maintain multiple 
level set functions. In dynamics module, to handle 
the multi-fluid dynamics, we adopt a two-phase 
fluid dynamics formulation and extend it to mul-
tiphase case by constructing a weighted smooth 
function based on the Heaviside function, so that 
we can easily solve the multi-fluid system in a 
unified formulation. Additionally, we also provide 
the users with some flexibility to control. 
The limitation of our method is that, because 
we independently represent and evolve the surface 
of each fluid, the storage and computation cost 
will increase linearly as the number of fluids 
grows. This brings difficulty when we need to 
simulate hundreds of fluids together, and a further 
improvement will be necessary for this case. 
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